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1. Introduction and main results
It is assumed that the reader is familiar with the notations of values distribution theory such T (r, f ),m(r, f ),N(r, f ),
N(r, f ) and so on, that can be found, for instance, in [1]. For a constant a, we define
Θ(a, f ) = 1− lim
r→∞
N(r, 1f−a )
T (r, f )
.
For convenience, we give the following notations and definitions. For any constant a we denote by Nk)(r, 1f−a ) the
counting function for zeros of f (z) − a with multiplicity no more than k, and by Nk)(r, 1f−a ) the corresponding one for
which multiplicity is not counted. Let N(k(r, 1f−a ) be the counting function for zeros of f (z) − a with multiplicity at least k
and N (k(r, 1f−a ) the corresponding one for which multiplicity is not counted. Set Nk(r,
1
f−a ) = N(r, 1f−a ) + N (2(r, 1f−a ) +
· · · + N (k(r, 1f−a ). We define
δk(a, f ) = 1− lim
r→∞
Nk(r, 1f−a )
T (r, f )
.
In addition, we shall also use the following notations. Let f (z) and g(z) be two nonconstant meromorphic functions such
that f (z) and g(z) share 1 IM.We denote by NL(r, 1f−1 ) the counting function for 1-points of both f (z) and g(z) about which
f (z) has larger multiplicity than g(z), with multiplicity being not counted,and denote by N11(r, 1f−1 ) the counting function
for common simple 1-point of both f (z) and g(z), by N(22(r, 1f−1 ) the counting function of those same multiplicity 1-point
of both f (z) and g(z) and the multiplicity is ≥ 2. In the same way, we can define NL(r, 1g−1 ) and N11(r, 1g−1 ), N(22(r, 1g−1 ).
Especially, if f (z) and g(z) share 1 CM, then NL(r, 1f−1 ) = NL(r, 1g−1 ) = 0.
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Let l be a nonnegative integer or∞. For any a ∈ C ∪ {∞}, we denote by El(a, f ) the set of all a-points of f (z) where an
a-point of multiplicity m is counted m times if m ≤ l and l + 1 times if m > l. If El(a, f ) = El(a, g), we say that f and g
share the value a with weight l. When l = 0, that is f and g share 1 IM (see [9]). For the sake of simplicity, we also use the
notationsm∗ := χµm, where χµ = 0 if µ = 0, χµ = 1 if µ 6= 0.
Wang [2] proving the following theorem.
Theorem A ([2]). Let f (z) be a transcendental entire function, n, k two positive integers with n ≥ k + 1. Then (f n)(k) = 1 has
infinitely solution.
Fang [3] obtained two unicity theorems corresponding to the above result.
Theorem B ([3]). Let f (z) and g(z) be two nonconstant entire functions, and let n, k be two positive integers with n > 2k+ 4,
If [f n(z)](k) and [gn(z)](k) share 1 CM, then either f (z) = c1ecz, g(z) = c2e−cz , where c1, c2 and c are three constants satisfying
(−1)k(c1c2)n(nk)2k = 1, or f (z) ≡ tg(z) for a constant t such that tn = 1.
Theorem C ([3]). Let f (z) and g(z) be two nonconstant entire functions, and let n, k be two positive integers with n ≥ 2k+ 8.
If [f n(f − 1)](k) and [gn(g − 1)](k) share 1 CM, then f (z) ≡ g(z).
Recently, Xiao-Yu Zhang and Wei-Chuan Lin extended the above result by proved the following results.
Theorem D ([4]). Let f (z) and g(z) be two nonconstant entire functions, and let n,m and k be three positive integers with
n > 2k+m∗ + 4, and λ,µ be constants such that |λ| + |µ| 6= 0. If [f n(z)(µf m(z)+ λ)](k) and [gn(z)(µgm(z)+ λ)](k) share
1 CM, then
(i) when λµ 6= 0, f (z) ≡ g(z)
(ii) when λµ = 0, either f (z) ≡ tg(z), where t is a constant satisfying tn+m∗ = 1, or f (z) = c1ecz, g(z) = c2e−cz , where c1, c2
and c are three constants satisfying
(−1)kλ2(c1c2)n+m∗ [(n+m∗)c]2k = 1 or (−1)kµ2(c1c2)n+m∗ [(n+m∗)c]2k = 1.
Theorem E ([4]). Let f (z) and g(z) be two nonconstant entire functions, and let n,m and k be three positive integers with
n > 2k+m+ 4. If [f n(z)(f (z)− 1)m](k) and [gn(z)(g(z)− 1)m](k) share 1 CM, then either f (z) ≡ g(z), or f and g satisfy the
algebraic equation R(f , g) ≡ 0, where R(w1, w2) = wn1(w1 − 1)m − wn2(w2 − 1)m.
In this paper, we generalize and improve Theorems D and E by proving the following two theorems.
Theorem 1. Let f (z) and g(z) be two nonconstant meromorphic functions, and let n,m and k be three positive integers, and
λ,µ be two constants such that |λ| + |µ| 6= 0. If El(1, [f n(z)(µf m(z)+λ)](k)) = El(1, [gn(z)(µgm(z)+λ)](k)), and one of the
following conditions holds,
(1) l ≥ 2 and n > 3m∗ + 3k+ 8;
(2) l = 1 and n > 4m∗ + 5k+ 10;
(3) l = 0 and n > 6m∗ + 9k+ 14.
Then
(i) when λµ 6= 0, If m ≥ 2 and δ(∞, f ) > 3n+m , then f (z) ≡ g(z); If m = 1 andΘ(∞, f ) > 3n+1 , then f (z) ≡ g(z);
(ii) when λµ = 0, if f (z) 6= ∞ and g(z) 6= ∞,then either f (z) ≡ tg(z), where t is a constant satisfying tn+m∗ = 1, or
f (z) = c1ecz, g(z) = c2e−cz , where c1, c2 and c are three constants satisfying
(−1)kλ2(c1c2)n+m∗ [(n+m∗)c]2k = 1 or (−1)kµ2(c1c2)n+m∗ [(n+m∗)c]2k = 1.
Theorem 2. Let f (z) and g(z) be two nonconstant entire functions, and let n,m and k be three positive integers such that
n > 5k + 4m + 9. If E0(1, [f n(z)(f (z) − 1)m](k)) = E0(1, [gn(z)(g(z) − 1)m](k)). Then either f (z) ≡ g(z), or f and g
satisfy the algebraic equation R(f , g) ≡ 0, where R(w1, w2) = wn1(w1 − 1)m − wn2(w2 − 1)m.
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2. Some lemmas
For the proof of our results we need the following lemmas.
Lemma 1 ([5]). Let f (z) be a nonconstant meromorphic function, k be a positive integer, and let c be a nonzero finite number.
Then
T (r, f ) ≤ N(r, f )+ N
(
r,
1
f
)
+ N
(
r,
1
f (k) − c
)
− N
(
r,
1
f (k+1)
)
+ S(r, f )
≤ N(r, f )+ Nk+1
(
r,
1
f
)
+ N
(
r,
1
f (k) − c
)
− N0
(
r,
1
f (k+1)
)
+ S(r, f ),
where N0
(
r, 1
f (k+1)
)
is the counting function which only counts those points such that f (k+1) = 0 but f (f (k) − c) 6= 0.
Lemma 2 ([6]). Let f be a nonconstant meromorphic function, and let a0, a1, a2, . . . an be finite complex numbers, an 6= 0. Then
T (r, anf n + · · · + a2f 2 + a1f + a0) = nT (r, f )+ S(r, f ).
Lemma 3 ([7]). Let f (z) be a nonconstant entire function, and let k(≥ 2) be a positive integer. If ff (k) 6= 0, then f = eaz+b,
where a 6= 0, b are constants.
Lemma 4 ([5]). Let f (z) be a transcendental meromorphic function, and let a1(z), a2(z) be twomeromorphic functions such that
T (r, ai) = S(r, f ), i = 1, 2 and a1 6≡ a2, then
T (r, f ) ≤ N(r, f )+ N
(
r,
1
f − a1
)
+ N
(
r,
1
f − a2
)
+ S(r, f ).
Lemma 5 ([10]). Let f be a nonconstant meromorphic function, k, p be two positive integers, then
Np
(
r,
1
f (k)
)
≤ Np+k
(
r,
1
f
)
+ kN(r, f )+ S(r, f )
Clearly N(r, 1
f (k)
) = N1(r, 1f (k) ).
Lemma 6. Let f (z) and g(z) be two nonconstantmeromorphic functions, k(≥1), l(≥0) be integers. Suppose that El(1, f (k)(z)) =
El(1, g(k)(z)). If one of the following conditions holds, then f (z) ≡ g(z) or f (k)(z)g(k)(z) ≡ 1.
(1) l ≥ 2 and (k+ 2)Θ(∞, g)+ 2Θ(∞, f )+Θ(0, f )+Θ(0, g)+ δk+1(0, f )+ δk+1(0, g) > k+ 7;
(2) l = 1 and (k+ 2)Θ(∞, g)+ (k+ 3)Θ(∞, f )+Θ(0, f )+Θ(0, g)+ 2δk+1(0, f )+ δk+1(0, g) > 2k+ 9;
(3) l = 0 and (2k+ 4)Θ(∞, f )+ (2k+ 3)Θ(∞, g)+Θ(0, f )+Θ(0, g)+ 3δk+1(0, f )+ 2δk+1(0, g) > 4k+ 13.
Proof. Let
h(z) = f
(k+2)
f (k+1)
− 2 f
(k+1)
f (k) − 1 −
g(k+2)
g(k+1)
+ 2 g
(k+1)
g(k) − 1 . (1)
If z0 is a common 1-point of f (k)(z) and g(k)(z), substituting their Taylor series at z0 into (1), we see that z0 is a zeros of h(z).
Thus, we have
N11
(
r,
1
f (k) − 1
)
= N11
(
r,
1
g(k) − 1
)
≤ N
(
r,
1
h
)
≤ T (r, h)+ O(1)
≤ N(r, h)+ S(r, f )+ S(r, g). (2)
On the other hand, by the assumptions, from (1) we can see that h(z) have poles only at the zeros of f (k+1) and g(k+1), and
1-points of f whose multiplicities are not equal to the multiplicities of the corresponding 1-points of g , and poles of f and
g . So we have
N(r, h) ≤ N(r, f )+ N(r, g)+ N
(
r,
1
f
)
+ N
(
r,
1
g
)
+ N0
(
r,
1
f (k+1)
)
+ N0
(
r,
1
g(k+1)
)
+NL
(
r,
1
f (k) − 1
)
+ NL
(
r,
1
g(k) − 1
)
, (3)
where N0
(
r, 1
f (k+1)
)
has the same meaning as in Lemma 1.
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By Lemma 1, we have
T (r, f ) ≤ N(r, f )+ Nk+1
(
r,
1
f
)
+ N
(
r,
1
f (k) − 1
)
− N0
(
r,
1
f (k+1)
)
+ S(r, f ). (4)
T (r, g) ≤ N(r, g)+ Nk+1
(
r,
1
g
)
+ N
(
r,
1
g(k) − 1
)
− N0
(
r,
1
g(k+1)
)
+ S(r, g). (5)
Since f (k)(z) and g(k)(z) share the value 1 IM, therefore
N
(
r,
1
f (k) − 1
)
+ N
(
r,
1
g(k) − 1
)
= 2N11
(
r,
1
f (k) − 1
)
+ 2NL
(
r,
1
f (k) − 1
)
+ 2NL
(
r,
1
g(k) − 1
)
+ 2N (22
(
r,
1
f (k) − 1
)
, (6)
by (2) and (3), we have
N
(
r,
1
f (k) − 1
)
+ N
(
r,
1
g(k) − 1
)
≤ N11
(
r,
1
f (k) − 1
)
+ 2N (22
(
r,
1
f (k) − 1
)
+ N0
(
r,
1
f (k+1)
)
+ N0
(
r,
1
g(k+1)
)
+ 3NL
(
r,
1
f (k) − 1
)
+ 3NL
(
r,
1
g(k) − 1
)
+ N(r, f )+ N(r, g)+ N
(
r,
1
f
)
+ N
(
r,
1
g
)
+ S(r, f )+ S(r, g). (7)
We discuss the following three cases:
Case 1: l ≥ 2. Obviously
N11
(
r,
1
f (k) − 1
)
+ 2N (22
(
r,
1
f (k) − 1
)
+ 3NL
(
r,
1
f (k) − 1
)
+ 3NL
(
r,
1
g(k) − 1
)
≤ N
(
r,
1
g(k) − 1
)
+ S(r, f )+ S(r, g). (8)
Moreover, we have
N
(
r,
1
g(k) − 1
)
≤ T (r, g(k))+ S(r, g) = m(r, g(k))+ N(r, g(k))+ S(r, g)
≤ m(r, g)+m
(
r,
g(k)
g
)
+ N(r, g)+ kN(r, g)+ S(r, g)
≤ T (r, g)+ kN(r, g)+ S(r, g). (9)
From (4), (5) and (7)–(9), we can obtain
T (r, f ) ≤ 2N(r, f )+ (k+ 2)N(r, g)+ N
(
r,
1
f
)
+ N
(
r,
1
g
)
+ Nk+1
(
r,
1
f
)
+Nk+1
(
r,
1
g
)
+ S(r, f )+ S(r, g).
Without loss of generality, we suppose that there exists a set I with infinite measure such that T (r, g) ≤ T (r, f ), r ∈ I .
Hence,
T (r, f ) ≤ {[k+ 8− (k+ 2)Θ(∞, g)− 2Θ(∞, f )−Θ(0, f )−Θ(0, g)
− δk+1(0, f )− δk+1(0, g)] + ε}T (r, f )+ S(r, f ),
for r ∈ I and 0 < ε < (k+ 2)Θ(∞, g)+ 2Θ(∞, f )+ Θ(0, f )+ Θ(0, g)+ δk+1(0, f )+ δk+1(0, g)− k− 7. Thus, we can
get T (r, f ) ≤ S(r, f ), r ∈ I by the condition, a contradiction.
Case 2: l = 1. Obviously
N11
(
r,
1
f (k) − 1
)
+ 2N (22
(
r,
1
f (k) − 1
)
+ 2NL
(
r,
1
f (k) − 1
)
+ 3NL
(
r,
1
g(k) − 1
)
≤ N
(
r,
1
g(k) − 1
)
+ S(r, f )+ S(r, g). (10)
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By Lemma 5, we have
NL
(
r,
1
f (k) − 1
)
≤ N
(
r,
1
f (k) − 1
)
− N
(
r,
1
f (k) − 1
)
≤ N
(
r,
f (k)
f (k+1)
)
≤ N
(
r,
f (k+1)
f (k)
)
+ S(r, f )
≤ N
(
r,
1
f (k)
)
+ N(r, f )+ S(r, f )
≤ (k+ 1)N(r, f )+ Nk+1
(
r,
1
f
)
+ S(r, f ). (11)
From (4), (5), (7) and (9)–(11), we can obtain
T (r, f ) ≤ 2Nk+1
(
r,
1
f
)
+ Nk+1
(
r,
1
g
)
+ N
(
r,
1
f
)
+ N
(
r,
1
g
)
+ (k+ 3)N(r, f )
+ (k+ 2)N(r, g)+ S(r, f )+ S(r, g).
Without loss of generality, we suppose that there exists a set I with infinite measure such that T (r, g) ≤ T (r, f ), r ∈ I .
Hence,
T (r, f ) ≤ {[2k+ 10− (k+ 2)Θ(∞, g)− (k+ 3)Θ(∞, f )−Θ(0, f )
−Θ(0, g)− 2δk+1(0, f )− δk+1(0, g)] + ε}T (r, f )+ S(r, f ).
For r ∈ I and 0 < ε < (k+ 2)Θ(∞, g)+ (k+ 3)Θ(∞, f )+Θ(0, f )+Θ(0, g)+ 2δk+1(0, f )+ δk+1(0, g)− 2k− 9. Thus,
we can get T (r, f ) ≤ S(r, f ), r ∈ I by the condition, a contradiction.
Case 3: l = 0. Obviously
N11
(
r,
1
f (k) − 1
)
+ 2N (22
(
r,
1
f (k) − 1
)
+NL
(
r, 1
f (k)−1
)
+ 2NL
(
r, 1
g(k)−1
)
≤ N
(
r,
1
g(k) − 1
)
+ S(r, f )+ S(r, g). (12)
Similarly (11), we have
NL
(
r,
1
g(k) − 1
)
≤ (k+ 1)N(r, g)+ Nk+1
(
r,
1
g
)
+ S(r, g). (13)
From (4), (5), (7), (9) and (11)–(13), we can obtain
T (r, f ) ≤ 3Nk+1
(
r,
1
f
)
+ 2Nk+1
(
r,
1
g
)
+ N
(
r,
1
f
)
+ N
(
r,
1
g
)
+ (2k+ 4)N(r, f )
+ (2k+ 3)N(r, g)+ S(r, f )+ S(r, g).
Without loss of generality, we suppose that there exists a set I with infinite measure such that T (r, g) ≤ T (r, f ), r ∈ I .
Hence,
T (r, f ) ≤ {[4k+ 14− (2k+ 4)Θ(∞, f )− (2k+ 3)Θ(∞, g)−Θ(0, f )−Θ(0, g)
− 3δk+1(0, f )− 2δk+1(0, g)] + ε}T (r, f )+ S(r, f ).
For r ∈ I and 0 < ε < (2k+ 4)Θ(∞, f )+ (2k+ 3)Θ(∞, g)+ 3Θ(0, f )+ 2Θ(0, g)+ δk+1(0, f )+ δk+1(0, g)− 4k− 13.
Thus, we can get T (r, f ) ≤ S(r, f ), r ∈ I by the condition, a contradiction.
Hence, we get h(z) ≡ 0, that is
f (k+2)
f (k+1)
− 2 f
(k+1)
f (k) − 1 =
g(k+2)
g(k+1)
− 2 g
(k+1)
g(k) − 1 .
By solving this equation, we obtain
1
f (k) − 1 =
bg(k) + a− b
g(k) − 1 .
where a, b are two constants. By using the argument of as in [8], we can obtain f (k)g(k) ≡ 1 or f ≡ g , we here omit the detail.
The proof of Lemma 6 is completed. 
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3. Proof of the Theorem 1
Let F(z) = f n(µf m + λ),G(z) = gn(µgm + λ), by Lemma 2, we get:
Θ(0, F) = 1− lim
r→∞
N(r, 1F )
T (r, F)
≥ 1− lim
r→∞
N(r, 1f n )+ N(r, 1µfm+λ )
(n+m∗)T (r, f ) ≥ 1−
m∗ + 1
n+m∗ =
n− 1
n+m∗ ,
similarly, we have
Θ(0,G) ≥ n− 1
n+m∗ , Θ(∞, F) ≥
n+m∗ − 1
n+m∗ , Θ(∞,G) ≥
n+m∗ − 1
n+m∗ .
Moreover,
δk+1(0, F) = 1− lim
r→∞
Nk+1(r, 1F )
T (r, F)
≥ 1− lim
r→∞
(k+ 1)N
(
r, 1f n
)
+ Nk+1(r, 1µfm+λ )
(n+m∗)T (r, f ) ≥
n− k− 1
n+m∗ ,
similarly, we have,
δk+1(0,G) ≥ n− k− 1n+m∗ .
Since El(1, F (k)) = El(1,G(k)). We can discuss the following three cases:
(1) l ≥ 2. Because n > 3m∗ + 3k+ 8, we have
(k+ 2)Θ(∞,G)+ 2Θ(∞, F)+Θ(0, F)+Θ(0,G)+ δk+1(0, F)+ δk+1(0,G)
≥ (k+ 2)n+m
∗ − 1
n+m∗ + 2
n+m∗ − 1
n+m∗ +
n− 1
n+m∗ +
n− 1
n+m∗ +
n− k− 1
n+m∗ +
n− k− 1
n+m∗
> k+ 7.
(2) l = 1. Because n > 4m∗ + 5k+ 10, we have
(k+ 2)Θ(∞,G)+ (k+ 3)Θ(∞, F)+Θ(0, F)+Θ(0,G)+ 2δk+1(0, F)+ δk+1(0,G)
≥ (k+ 2)n+m
∗ − 1
n+m∗ + (k+ 3)
n+m∗ − 1
n+m∗ + 2
n− 1
n+m∗ + 3
n− k− 1
n+m∗ > 2k+ 9.
(3) l = 0. Because n > 6m∗ + 9k+ 14, we have
(2k+ 3)Θ(∞,G)+ (2k+ 4)Θ(∞, F)+Θ(0, F)+Θ(0,G)+ 3δk+1(0, F)+ 2δk+1(0,G)
≥ (2k+ 3)n+m
∗ − 1
n+m∗ + (2k+ 4)
n+m∗ − 1
n+m∗ + 2
n− 1
n+m∗ + 5
n− k− 1
n+m∗ > 4k+ 13.
So, by Lemma 6 we can obtain F (k)(z)G(k)(z) ≡ 1 or F(z) ≡ G(z).
Next we consider two cases:
Case 1. F (k)(z)G(k)(z) ≡ 1
That is,
[f n(µf m + λ)](k)[gn(µgm + λ)](k) ≡ 1. (14)
Considering the following two subcases.
Case 1.1: λµ = 0
By |λ| + |µ| 6= 0, when λ = 0, µ 6= 0, (14) becomes [µf n+m](k)[µgn+m](k) ≡ 1.
Obviously f (z) 6= 0, g(z) 6= 0. In fact, suppose f (z) have a zero z0, then z0 is a zero of [µf n+m](k), thus z0 is a pole of
[µgn+m](k), which contradicts that g 6= ∞. Hence, f (z) 6= 0, g(z) 6= 0. So we have [µf n+m](k) 6= 0 and [µf n+m](k) 6= 0.
By Lemma 3, we have f (z) = c1ecz, f (z) = c2e−cz , here c1, c2 and c are three constants satisfying (−1)kµ2(c1c2)n+m
[(n+m)c]2k = 1 when k ≥ 2.
Next, we consider [µf n+m](k)[µgn+m](k) ≡ 1 for the case k = 1. That is,
(n+m)2µ2f n+m−1f ′gn+m−1g ′ ≡ 1. (15)
From above, there exist two entire functions α(z) and β(z) such that f (z) = eα(z), g(z) = eβ(z). From this and (15) we
have
(n+m)2µ2α′β ′e(n+m)(α+β) ≡ 1. (16)
Thus, α′ and β ′ have no zeros and we may set
α′ = eδ(z), β ′ = eγ (z), (17)
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where δ and γ are entire functions. By (16) and (17), we get
(n+m)2µ2e(n+m)(α+β)+δ+γ ≡ 1.
Differentiating this yields in view of (17)
(n+m)(eδ + eγ )+ δ′ + γ ′ ≡ 0, (18)
i.e.,
(n+m)eδ + δ′ ≡ −(n+m)eγ + γ ′.
Since δ and γ are entire, we get
T (r, δ′) = m(r, δ′) = m
(
r,
(eδ)′
eδ
)
= S(r, eδ)
T (r, γ ′) = m(r, γ ′) = m
(
r,
(eγ )′
eγ
)
= S(r, eγ ).
Thus, from this we have
T (r, eδ) = T (r, eγ )+ S(r, eδ)+ S(r, eγ ),
which implies
S(r, eδ) = S(r, eγ ) := S(r).
Let ω ≡ −(δ′ + γ ′). Then T (r, ω) = S(r). If ω 6≡ 0, then we rewrite (18) as
eδ
ω
+ e
γ
ω
≡ 1
n+m .
From this and the second fundamental theorem we obtain
T (r, eδ) ≤ T
(
r,
eγ
ω
)
+ S(r)
≤ N
(
r,
eγ
ω
)
+ N
(
r,
1
eγ
ω
)
+ N
(
r,
1
eγ
ω
− 1n+m
)
+ S(r)
≤ S(r),
which implies eδ is constant. Similarly, eγ is also constant. This shows that ω ≡ 0, which is a contradiction. Therefore,
ω ≡ −(δ′ + γ ′) ≡ 0. It follows from this and (18) that eδ + eγ ≡ 0, which deduces that δ = γ + (2ρ + 1)pi i for some
integer ρ. Thus, by (18) we have δ′ ≡ γ ′ ≡ 0, so that δ and γ are constants, i.e., α′ and β ′ are constants. From this we can
also obtain the above results.
In the same manner as above, when λ 6= 0, µ = 0, we can also get the results which is f (z) = c1ecz, g(z) = c2e−cz ,
where c1, c2 and c are three constants satisfying (−1)kλ2(c1c2)n(nc)2k = 1. Therefore, the case (ii) of Theorem 1 holds.
Case 1.2: λµ 6= 0
We can rewrite (14) as
[f n(f − a1) · · · (f − am)](k)[gn(g − a1) · · · (g − am)](k) ≡ 1, (19)
where a1 · · · am are roots of µwm + λ = 0.
Let z0 be zero of f of order p. From (19) we get z0 is a pole of g . Suppose that z0 is a pole of g of order q. Again by (19), we
obtain np−k = (n+m)q+k, i.e. n(p−q) = mq+2k, which implies that p ≥ q+1 andmq+2k ≥ n. From n > 3k+3m+8
(when n > 4m+ 5k+ 10 or n > 6m+ 9k+ 14 we can get similarly results, here omit the detail) we can deduce p ≥ 5.
Let zi1 be a zero of f − ai (i = 1 · · ·m) of order pi1, then zi1 is a zero of f n(µf m + λ) of order pi1 − k. Therefore, from (19),
we obtain zi1 is a pole of g of order qi1 and pi1 − k = (n+m)qi1 + k, i.e. pi1 = (n+m)qi1 + 2k, i.e. pi1 ≥ n+m+ 2k.
Let z2 be a zero of f ′ of order p2 that not a zero of f (f − a1) · · · (f − am), as above, we obtain from (19) i.e. p2− (k− 1) =
(n+m)q2 + k, i.e. p2 ≥ n+m+ 2k− 1.
Moreover, in the same manner as above, we have similar results for the zeros of gn(µgm + λ).
On the other hand, suppose z3 is a pole of f . From (19), we get z3 is a zero of gn(µgm + λ). Thus,
N(r, f ) ≤ N
(
r,
1
g
)
+
m∑
i=1
N
(
r,
1
f − ai
)
+ N
(
r,
1
g ′
)
≤ 1
5
N
(
r,
1
g
)
+ 1
n+m+ 2k
m∑
i=1
N
(
r,
1
g − ai
)
+ 1
n+m+ 2k− 1N
(
r,
1
g ′
)
.
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We get
N(r, f ) ≤
(
1
5
+ m
n+m+ 2k +
1
n+m+ 2k− 1
)
T (r, g)+ S(r, g)
From this and the second fundamental theorem we obtain
mT (r, f ) ≤ N(r, f )+
m∑
i=1
N
(
r,
1
g − ai
)
+ N
(
r,
1
f
)
+ S(r, f )
≤
(
1
5
+ m
n+m+ 2k +
1
n+m+ 2k− 1
)
T (r, g)+
(
1
5
+ m
m+ n+ 2k
)
T (r, f )
+ S(r, f )+ S(r, g).
Similarly, we have
mT (r, g) ≤
(
1
5
+ m
n+m+ 2k +
1
n+m+ 2k− 1
)
T (r, f )
+
(
1
5
+ m
m+ n+ 2k
)
T (r, g)+ S(r, f )+ S(r, g).
We can deduce from above
m(T (r, f )+ T (r, g)) ≤
(
2
5
+ 2m
n+m+ 2k +
1
n+m+ 2k− 1
)
(T (r, f )+ T (r, g))+ S(r, f )+ S(r, g).
Since n > 3m+ 3k+ 8, we obtain
T (r, f )+ T (r, g) ≤
(
2
5
+ 1
9
+ 1
17
)
(T (r, f )+ T (r, g))+ S(r, f )+ S(r, g),
i.e.
0.43(T (r, f )+ T (r, g)) ≤ S(r, f )+ S(r, g),
which is contradiction.
Case 2: F ≡ G
That is,
f n(µf m + λ) ≡ gn(µgm + λ). (20)
If λµ = 0, then from |λ| + |µ| 6= 0, we can get f (z) ≡ tg(z),where t is a constant satisfying tn+m∗ = 1.
If λµ 6= 0, then we suppose that h = fg . If h 6≡ 1,then substituting f = hg into (20) we have
gm = − λ
µ
× 1− h
n
1− hn+m = −
λ
µ
× 1+ h+ · · · + h
n−1
1+ h+ · · · + hn+m−1 . (21)
If m ≥ 2, then form above we get that every pole of f m = − λ
µ
× (1+h+···+hn−1)hm
1+h+···+hn+m−1 . It follows that T (r, f ) = n+mm T (r, h)
+ S(r, f ). On the other hand,every poles of f of order p must be a zero of hn+m − 1 of order mp. Hence, N(r, f ) =
1
mΣ
n+m
i=1 N(r,
1
h−ai ),where ai(6= 1)(i = 1, 2, . . . (n+m− 1)) are distinct root of the algebraic equation hn+m = 1. Therefore,
we deduce
N(r, f ) = 1
m
n+m−1∑
i=1
N
(
r,
1
h− ai
)
≥ 1
m
n+m−1∑
i=1
N
(
r,
1
h− ai
)
≥ n+m− 3
m
T (r, h)+ S(r, f ),
we have
δ(∞, f ) = 1− lim
r→∞
N(r, f )
T (r, f )
≤ 1− lim
r→∞
n+m−3
m T (r, h)+ S(r, f )
n+m
m T (r, h)+ S(r, f )
≤ 3
n+m ,
which contradicts the assumption δ(∞, f ) > 3n+m .
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If m = 1, (21) is g = − λ
µ
× 1+h+···+hn−11+h+···+hn , from f = hg , we have f = − λµ × (1+h+···+h
n−1)h
1+h+···+hn , where h is a nonconstant
meromorphic function. It follows that T (r, f ) = T (r, gh) = (n + 1)T (r, h) + S(r, f ). On the other hand, by the second
fundamental theorem, we deduce
N(r, f ) =
n∑
j=1
N
(
r,
1
h− aj
)
≥ (n− 2)T (r, h)+ S(r, f ),
where aj(6= 1) (j = 1, 2, · · · n) are distinct roots of the algebraic equation hn+1 = 1.
We have
Θ(∞, f ) = 1− lim
r→∞
N(r, f )
T (r, f )
≤ 1− lim
r→∞
(n− 2)T (r, h)+ S(r, f )
(n+ 1)T (r, h)+ S(r, f ) ≤
3
n+ 1 ,
which contradicts the assumptionΘ(∞, f ) > 3n+1 .
Thus, h ≡ 1, that is, f (z) ≡ g(z). This completes the proof of Theorem 1. 
4. Proof of the Theorem 2
Let
F = f n(z)(f (z)− 1)m,G = gn(z)(g(z)− 1)m,
where F and G are two entire functions. By Lemma 2, we get
Θ(0, F) = 1− lim
r→∞
N
(
r, 1F
)
T (r, F)
≥ 1− lim
r→∞
N
(
r, 1f n
)
+ N
(
r, 1
(f−1)m
)
(n+m)T (r, f ) ≥
n+m− 2
n+m .
Similarly, we have
Θ(0,G) ≥ n+m− 2
n+m , Θ(∞, F) = 1, Θ(∞,G) = 1.
Moreover,
δk+1(0, F) = 1− lim
r→∞
Nk+1(r, 1F )
T (r, F)
≥ 1− lim
r→∞
(k+ 1)N
(
r, 1f n
)
+ Nk+1
(
r, 1
(f−1)m
)
(n+m)T (r, f )
≥ n− k− 1
n+m ,
similarly, δk+1(0,G) ≥ n−k−1n+m .
Because n > m+ 2k+ 7, we have
(2k+ 3)Θ(∞,G)+ (2k+ 4)Θ(∞, F)+Θ(0, F)+Θ(0,G)+ 3δk+1(0, F)+ 2δk+1(0,G)
≥ 4k+ 7+ 3n+m− 1
n+m + 2
m+ n− 1
n+m +
n− k− 1
n+m +
n− k− 1
n+m
> 4k+ 13.
So, by Lemma 6 we can obtain F (k)(z)G(k)(z) ≡ 1 or F(z) ≡ G(z).
Next we consider two cases:
Case 1. F (k)(z)G(k)(z) ≡ 1
That is,
[f n(f − 1)m](k)[gn(g − 1)m](k) ≡ 1. (22)
From (22) and the fact that f and g are nonconstant entire functions,we deduce that f (z) 6= 0, g(z) 6= 0. Let f (z) = eα(z),
where α(z) is a nonconstant entire function. Thus, by induction we get
[f m+n](k) = pm(α′, α′′, . . . , α(k))e(m+n)α(z),
...
(−1)(m−i)[c imf i+n](k) = pi(α′, α′′, . . . , α(k))e(i+n)α(z),
...
(−1)m[c imf i+n](k) = p0(α′, α′′, . . . , α(k))enα(z),
where pi(α′, α′′, . . . , α(k))(i = 0, 1, · · · ,m) are differential polynomials.
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Obviously pi(α′, α′′, . . . , α(k)) 6≡ 0 (i = 0, 1, . . . ,m). Considering g is an entire function, we get from (22) that
[f n(f − 1)m](k) 6= 0. Thus, we have
pm(α′, α′′, . . . , α(k))emα(z),+ · · · + p0(α′, α′′, · · · , α(k)) 6= 0. (23)
Since α(z) is an entire function, we obtain
T (r, α′) = m(r, α′) = m
(
r,
(eα)′
eα
)
= m
(
r,
f ′
f
)
= S(r, f ).
Thus, we get
T (r, α(j)) ≤ T (r, α′)+ S(r, f ) = S(r, f ),
for j = 1, 2, . . . , k. Hence, we deduce that
T (r, pm) = S(r, f ), . . . , T (r, p0) = S(r, f ). (24)
Note that f = eα . Thus, by (23), (24), Lemmas 2 and 4, we get
mT (r, f ) = T (r, pmemα + · · · + p1eα)+ S(r, f )
≤ N
(
r,
1
pmemα + · · · + p1eα
)
+ N
(
r,
1
pmemα + · · · + p1eα + p0
)
+ S(r, f )
≤ N
(
r,
1
pme(m−1)α + · · · + p2eα + p1
)
+ S(r, f )
≤ T (r, pme(m−1)α + · · · + p2eα + p1)+ S(r, f )
≤ (m− 1)T (r, f )+ S(r, f )
which is a contradiction.
Case 2. F ≡ G. That is,
f n(f − 1)m ≡ gn(g − 1)m, (25)
we also say
f n(f m + · · · + (−1)iCm−im f m−i + · · · + (−1)m) ≡ gn(gm + · · · + (−1)iCm−im gm−i + · · · + (−1)m). (26)
Let h = fg . If h is a constant, then substituting f = gh into (26) we deduce
gn+m(hn+m − 1)+ · · · + (−1)iCm−im gm+n−i(hn+m−i − 1)+ · · · − gn(hn − 1) = 0,
which implies h = 1. Thus, f (z) ≡ g(z). If h is not a constant, then we know by (25) that f and g satisfy the algebraic
equation R(f , g) ≡ 0, where R(w1, w2) = wn1(w1 − 1)m − wn2(w2 − 1)m.
This completes the proof of Theorem 2. 
Acknowledgements
The author want to thanks the referee for his/her thorough review and valuable suggestions towards improved of the
paper. The research of author was supported by the Scientific and Technological Research Projects of Chongqing Education
Committee (Grant No. KJ071202).
References
[1] C.C. Yang, H.X. Yi, Uniqueness Theory of Meromorphic Functions, Science Press, Beijing, 2006.
[2] Y.F. Wang, On Mues conjecture and Picard values, Sci. China 36 (1) (1993) 28–35.
[3] M.L. Fang, Uniqueness and value-sharing of entire function, Comput. Math. Appl. 44 (2002) 828–831.
[4] X.-Y. Zhang, W.-C. Lin, Uniqueness and value-sharing of entire functions, J. Math. Anal. Appl. (2008), doi:10.1016/j.jmaa.2008.02.011.
[5] L. Yang, Value Distribution Theory, Spring-Verlag, Berlin, 1993.
[6] C.C. Yang, On deficiencies of differential polynomials, Math. Z. 125 (1972) 107–112.
[7] G. Frank, Eine vermutung von hayman uber nullstellen meromorpher function, Math. Z. 149 (1976) 29–36.
[8] S.S. Bhoosnurmath, R.S. Dyavanal, Uniqueness and value-sharing of meromorphic functions, Comput. Math. Appl. 53 (2007) 1191–1205.
[9] I. Lahiri, Uniqueness of a meromorphic function and its derivate, J. Inequal. Pure Appl. Math. 5 (1) (2004) Art 20.
[10] Q.C. Zhang, Meromorphic function that share one small function with its derivative, J. Inequal. Pure Appl. Math. 6 (4) (2005) Art 116.
